Abstract. A legitimate and easily computable measure of nonclassicality for the pure state of the single-mode electromagnetic field based on the standard deviation in the measurement of the homodyne rotated quadrature operator is proposed. The proposed quantity is an effective nonclassical area projected by the optical tomogram of the quantum state of light on to the optical tomographic plane. It is found that if the nonclassical area projected by the optical tomogram of a pure single-mode quantum state is greater than zero the state is strictly a nonclassical state and it is zero for the classical state. Nonclassical area spanned by the optical tomogram of nonclassical states of light such as Fock states, squeezed states, photon-added coherent states, and even and odd coherent states, have been evaluated theoretically. Nonclassical area projected by the optical tomogram of a quantum state of light may be experimentally tractable using the balanced homodyne detection of the quadrature operator of the field avoiding the reconstruction of density matrix or the quasiprobability distribution of the state.
Introduction
Properties of the coherent state of the radiation field can have analogous descriptions in the classical electrodynamics and are considered to be the most classical state of the field [1] . In contrast, the quantum states of the field which possesses certain exotic features that cannot have classical correspondence are referred to as the nonclassical states of light [2] . Precisely, an arbitrary quantum state of light is said to be nonclassical if the Glauber-Sudarshan P -function of the state takes negative values somewhere in the phase space [1, 3] . Nonclassical states have received a great theoretical attention as well as experiment interest over the past century primarily because of their use in technological applications ranging from gravitational wave detectors to quantum information protocols. Numerous varieties of nonclassical states have been experimentally prepared and were characterized by the optical homodyne tomography [4] . Significant theoretical efforts have been taken to study the diverse features shown by the nonclassical states of light [2] . One can say that the degree of nonclassicality of a state is directly related to the nonclassical features exhibited by the state. Therefore, the amount of nonclassicality or quantumness of the state is a primary parameter to be known before using a nonclassical state for technological applications.
In general, there are several theoretical probes to identify a nonclassical state and various measures have been proposed to quantify the degree of nonclassicality associated with an arbitrary quantum state of light. Mandel's q-parameter was used to characterize the deviation of photon number statistics of the nonclassical states from the Poissonian photon number statistics shown by the coherent state of the electromagnetic field [5] . The first attempt to quantify the degree of nonclassicality of a quantum state of light was proposed in terms of the nonclassical distance which is the trace norm distance between the state and the set of all classical states [6] . Hereafter a variety of distance-based measures have been proposed on the basis of the different types of metrics defining the distance [7] [8] [9] [10] [11] [12] . Since the evaluation of these measures requires the optimization over the set of all classical states, distance-based measures not an easily computable.
The entanglement potential of the state is another quantifier of the nonclassicality of state which measures the entanglement created by a beam splitter in terms of the logarithmic negativity [13, 14] . A quantifier of nonclassicality and entanglement related to the number of quantum superpositions of classical states was also introduced [15] . Quasiprobability distributions and the characteristic function of the field contain the information about the degree of nonclassicality of the state. A nonclassicality indicator based on the volume of the negative part of the Wigner function in phase space was reported [16] . However, the squeezed states of light have positive definite Wigner function and the nonclassicality of such states cannot be characterized by the negativity of Wigner function. Convolution transformation between Glauber-Sudarshan P -function and Husimi Q function was used to define a universal nonclassicality measure called nonclassical depth [17] . It can be viewed as the amount of thermal noise required to destroy whatever the nonclassical effects present in the quantum state. Recently, the characteristic function of the state is used to quantify the nonclassicality of the state of light [18] . An operational measure of nonclassicality based on the negativity of an observable whose classical counterpart is positive semidefinite was introduced [19] . Apart from the previously mentioned quantifiers, Schmidtnumber witnesses have also been used to express the nonclassicality of the states [20] [21] [22] .
Nonclassicality measures mentioned so far are not directly related to the experiment in the sense that the experimental estimation of these measures requires the knowledge of the density matrix or the quasiprobability distribution of the state which is not a directly measurable quantity. One way to experimentally determine the density matrix or the quasiprobability distribution is using the optical homodyne tomography [4] . In this technique, a series of homodyne measurements of the rotated quadrature operator on an ensemble of identically prepared states generates an optical tomogram of the state [23] [24] [25] . The optical tomogram of the state is a primary object characterizing the state of light. It contains all the information about the state including the amount of nonclassicality contained in the field. This optical tomogram is used further to reconstruct the density matrix or the quasiprobability distributions of the quantum state by numerical methods. The systematic and statistical errors associated with measurement may propagate during the reconstruction process and lead to loss of information contained in the state. It has been showed that the properties of a quantum state of light can be inferred directly from the optical tomogram of the state [26] .
In this paper, the optical tomogram of the state is used to quantify the nonclassicality associated with the pure state of the single-mode electromagnetic field. The proposed nonclassicality measure is based on the standard deviation in the measurement of homodyne rotated quadrature operator in a quantum state. It can be considered as an effective area spanned by the optical tomogram of the state on the optical tomographic plane. The only classical pure states are the coherent states for which the effective area projected by the optical tomograms are found to be a constant. For the nonclassical states, the effective area is always greater than the value corresponding to classical states and the difference between these two values is defined as the nonclassical area.
Nonclassical area spanned by the optical tomogram of the states was evaluated for the states obtained by the superposition of coherent states as well as for the states obtained by the nonclassicality inducing operations such as photon addition and squeezing action on the coherent state and vacuum state. The goal of this paper is to introduce a nonclassicality measure which is directly measurable using optical homodyne tomography method. The rest of the manuscript is organized as follows. Section 2 gives a brief overview of the optical tomographic representation of the quantum state of light. The definition of the nonclassical measure based on the optical tomogram of the state is given in section 3. The nonclassical area spanned by the optical tomogram of various nonclassical states have also been discussed in this section. Section 4 summarizes the main results of the paper.
Optical tomographic representation
Consider the homodyne rotated quadrature operator is given by
where θ represents the phase of the local oscillator in homodyne detection arrangement (θ ∈ [0, 2π]), and a and a † are the ladder operators of the single-mode field, respectively. The optical tomogram of an arbitrary state |ψ is defined as the probability distribution of the rotated quadrature operator X θ in the state |ψ . If |X θ , θ is the eigenvector of the Hermitian operator X θ with eigenvalue X θ [27] , the optical tomogram a quantum state with density matrix ρ is given by [23] :
For a pure state with wave vector |ψ , the equation (2) reduces to
where X θ , θ| ψ is the quadrature representation of the state |ψ . The normalization condition of the optical tomogram ω(X θ , θ) is given by
The optical tomogram is having the following symmetry property:
The moments of the operator X θ can be calculated using the optical tomogram of the state as
A plane with X θ -and θ-axes defined is used to visualize the nonclassical features associated with the quantum states of light [28] [29] [30] . In the rest of this paper, I use the notation "X θ -θ plane" to represent the optical tomographic plane. Optical tomograms of variety of nonclassical states have been theoretically investigated [28, 29, [31] [32] [33] [34] . Recently, it has been shown that the signatures of nonclassical effects such as quantum wave packet revivals, quadrature squeezing and entanglement can be captured in the optical tomogram of the state [28] [29] [30] .
A quantitative estimation of the degree of nonclassicality of an arbitrary quantum state of the light in terms of the optical tomogram of the state has not been reported so far.
Measure of Nonclassicality
Consider an arbitrary pure single-mode quantum state |ψ whose optical tomogram is given by ω (X θ , θ). Here, the amount of quadrature fluctuations in the measurement of rotated quadrature operator is used to quantify the nonclassicality associated with the state |ψ . Specifically, the quantity of interest is the standard deviation in the measurement of the rotated quadrature operator X θ in the state |ψ , defined as
It can be evaluated using the optical tomogram of the corresponding state with the help of equation (6) . In a way, the standard deviation in the measurement of X θ tells us how much the projection of optical tomogram of the state |ψ spreads on the optical tomographic plane. Measurements of two rotated quadrature operators with θ values differ by π/2 are limited by the Heisenberg uncertainty relation
as they are conjugate variables. In expression (8) and in rest of this manuscript, I have taken = 1. A schematic diagram of the distribution of standard deviation ∆X θ with respect to θ (shaded region in the optical tomographic plane) is given in figure 1 . The uncertainty relation (given in equation (8)) equalizes only for the classical states of the electromagnetic field. Hence, it turns out that the area projected the distribution of standard deviation ∆X θ on the optical tomographic plane (the shaded region) will have a lower bound for the classical states of the field. Let us evaluate the lower bound of the area projected by the distribution of standard deviation ∆X θ on the optical tomographic plane for the pure single-mode classical states. For this purpose, we divide the optical tomographic plane into horizontal strips having very small width ∆θ so that the value of ∆X θ is constant throughout the strip. The symmetry property of the optical tomogram given in equation (5) allow us confirm that the area spanned by the standard deviation distribution on the optical tomographic plane in the region between θ = 0 to θ = 2π is two times the area of spanned by the same in the region between θ = 0 to θ = π. Again, we divide the region between θ = 0 to θ = π into two equal halves. One between θ = 0 to θ = π/2 and other between θ = π/2 to θ = π. For each horizontal strip in the first half, let say with θ = θ ′ , there will be a corresponding strip in the second half with θ = θ ′ + π/2. The sum of the shaded area spanned by these strips are given by ∆θ ∆X θ ′ + ∆X θ ′ +π/2 . This process can be repeated for all the horizontal strips in the region between θ = 0 to θ = π. Two times the sum of the area spanned by all horizontal strips in the region between θ = 0 to θ = π gives the total area of the shaded region. In the limit ∆θ → 0, the shaded area of the region between θ = 0 to θ = 2π is calculated to be
The minimum value of the quantity inside bracket in equation (9) subjected to the constraint given in equation (8) is a constant for the classical states:
Therefore, the lower bound of the above integral is evaluated by plugging equation (10) in equation (9), and is calculated to be √ 2 π. This lower bound is a constant for all the pure single-mode classical states of the field. Since the value of the quantity inside bracket in equation (9) is always greater than √ 2 for the nonclassical states, the area projected by the standard deviation distribution will be always greater than √ 2 π for all pure single-mode nonclassical states of the field. It motivates me to use the equation (9) to define the following quantity
in order to characterize the nonclassicality or quantumness of an arbitrary pure single-mode quantum state |ψ . The quantity σ (|ψ ) is the effective area projected by the optical tomogram of the single-mode quantum state |ψ on the optical tomographic plane. The difference σ (|ψ ) − √ 2 π can be taken as a measure of nonclassicality for the pure single-mode states of the electromagnetic field. It can be stated that if the projection of the optical tomogram of a particular pure singlemode quantum state occupies an area more than √ 2 π in the optical tomographic plane, the state is strictly a nonclassical state. In other words, a pure single-mode quantum state of light |ψ is said to be a nonclassical state if the nonclassical area σ (|ψ ) − √ 2 π > 0. Let us analyze the effective area |ψ for the pure single-mode quantum states of the electromagnetic field. First, consider the case of a coherent state |α (The eigenstate of the annihilation operator, a |α = α |α , where α = |α| e iη ). The optical tomogram of the coherent state |α is given by [4] 
The projection of optical tomogram ω α (X θ , θ) on the optical tomographic plane displays a structure with single sinusoidal strand [29] . The standard deviation in the measurement of the homodyne rotated quadrature operator in the coherent state |α is calculated to be ∆X θ = 1/ √ 2. It is straight forward to calculate the effective area spanned by the optical tomogram of coherent state |α as σ (|α ) = √ 2 π, independent of the value of α. As α → 0, the coherent state |α reduces to the vacuum state |0 . The optical tomogram of the vacuum state |0 is obtained as ω |0 (X θ , θ) = exp −X 2 θ / √ π, which is a structure with single straight strand in the optical tomographic plane [28] . The standard deviation of the rotated quadrature and effective area for the vacuum state |0 is same as that for the coherent state |α . That is, ∆X θ = 1/ √ 2 and σ (|0 ) = √ 2 π. Therefore, the optical tomograms of the pure single-mode classical state of electromagnetic field span a constant effective area of √ 2π on the optical tomographic plane.
It is noted that a nonclassicality inducing operation on the coherent state or the vacuum state yields a nonclassical state for which the nonclassical area spanned by its optical tomogram is greater than √ 2π. In fact, a nonzero value of nonclassical area for a given pure single-mode quantum state is a necessary and sufficient condition to say that the state is nonclassical. Furthermore, the nonclassical area of a particular nonclassical state increases with an increase in the strength of the nonclassicality inducing operations. Next, I calculate the nonclassical area projected by the optical tomograms of different classes of nonclassical states of light on the optical tomographic plane. By definition, the amount of quantumness associated with a state is independent of the displacement operations and rotations in the phase space. Therefore, the nonclassical area projected by the optical tomogram of the displaced and rotated quantum states will be the same as that of the original state.
Fock states
A simplest state of the optical field to start with would be an n-photon Fock state |n , where n = 0, 1, 2, . . . , ∞. The optical tomogram of the Fock state |n is given by
where Q |n (X θ , θ) is the quadrature representation of the Fock state |n [27] :
Here H n (·) is the Hermite polynomial of order n. The standard deviation in the mesurement of the rotated quadrature operator in the n-photon Fock state is n + 1/2. Therefore, the optical tomogram given in equation (13) span an effective area
on the X θ -θ plane. The case n = 0 corresponds to the vacuum state |0 and the equation (15) once again shows that the nonclassical area σ (|0 ) − √ 2π spanned by the optical tomogram of the vacuum state |0 is zero. But for the Fock state |n with n = 0, equation (15) clearly tells that the degree of nonclassicality associated with the state |n is always greater than zero, that is σ (|n ) − √ 2 π > 0. It also demonstrates that the amount of nonclassicality contained in the state |n increases monotonically with the increase in the photon number n (see figure  2) . Nonclassicality indicator based on the volume of negative part of the Wigner function of the Fock state |n showed that the amount of nonclassicality of the state can be approximated as √ n/2 for large value of n [16] . The divergence of the amount of nonclassicality of the Fock state |n with the increase in the photon number n has also been demonstrated using the nonclassicality measures such as entanglement potential [13] , the degree of nonclassicality based on characteristic function [18] , quantifier based on the quantum superposition principle [15] , etc. 
Squeezed states
The action of the squeezing operator S (ξ) = exp ξ * a 2 − ξa † 2 /2 on the vacuum state |0 generates a squeezed vacuum state which is defined as
where ξ = re iδ . Fock state representation of the state |ξ is given by [35] 
where
Substituting equation (17) in equation (3) the optical tomogram of the squeezed vacuum state is obtained as
Standard deviation in the measurement of the homodyne quadrature operator in the squeezed vacuum state |ξ is calculated as
Using Eqs. (20) and (11), the effective area spanned by the optical tomogram of the squeezed state on the X θ -θ plane is evaluated to be
is the incomplete elliptical integral of the second kind. The solid line in figure 3 shows the nonclassical area σ − √ 2π spanned by the optical tomogram of squeezed vacuum state on the optical tomographic plane as function of the parameter r. The degree of nonclassicality of the state |ξ increases monotonically as a function of r and is found to be independent of the value of δ. In the limit r → 0, the nonclassical area of the state |ξ becomes zero which is the value corresponding to the vacuum state |0 . Here r is the argument of the squeezing parameter, ξ = r e iδ . The degree of nonclassicality associated with the states |ξ and |n, ξ increases monotonically with the increase in the value of r and are independent of the value of δ. In the limit r → 0, the nonclassical area of the state |n, ξ gives the value corresponding to the Fock state |n .
When squeezing operator S (ξ) acts on the nphoton Fock state, it generates the squeezed Fock state |n, ξ :
Here the Fock state expansion coefficients are given by [36] 
where µ = cosh(r), and ν = e iδ sinh(r). For n = 0, the state given in equation (23) retrieves the squeezed vacuum state |ξ . Using equation (23), the optical tomogram of the squeezed Fock state |n, ξ is calculated as
For the state |n, ξ , the standard deviation in the measurement of the homodyne quadrature operator is obtained as
Substituting equation (26) in equation (11), the effective area spanned by the optical tomogram of the squeezed Fock state |n, ξ is found to be
It is the product of the effective area spanned by the optical tomogram of the Fock state |n and that corresponds to a squeezed state |ξ , scaled down by a factor of √ 2π. That is,
The degree of nonclassicality of the state |n, ξ is then becomes σ (|n, ξ )− √ 2π. Variation of nonclassical area spanned by the optical tomogram of the squeezed Fock states |n, ξ with n = 1 (dashed line), 5 (dotted line), 10 (dash-dot line), are shown in figure 3 . In general, the nonclassical area of the squeezed Fock state |n, ξ increases monotonically with increase in the parameter r for all values of n. Figure 3 also shows that, in the limit r → 0, the nonclassical area of the state |n, ξ gives the value corresponding to the Fock state |n . It is worth to note that the nonclassicality of the state is independent of the value of δ.
A combined action of the displacement operator D(α) = exp α * a − αa † /2 followed by S (ξ) on the vacuum state generates the squeezed coherent state |α, ξ , for which the amount of nonclassicality of the state is same as that for the squeezed state |ξ . In this case the effective area spanned by the optical tomogram of the state |α, ξ on the optical tomographic plane is calculated to be σ (|α, ξ ) = σ (|ξ ). It supports the fact that the displacement operation does not induces any additional nonclassicality in the squeezed state |ξ . As a result, it is found that the degree of nonclassicality of the displaced squeezed Fock state |α, n, ξ = D(α)S (ξ) |n , is same as that of the squeezed Fock state |n, ξ . Here one can show that, σ (|α, n, ξ ) = σ (|n, ξ ).
Photon-added coherent states
Addition of photons to a coherent state |α induces nonclassicality in the resultant states. The nonclassical state generated by the addition of m photons to the coherent field |α is called an m-photon-added coherent state |α, m , defined as [37, 38] 
where N α,m is the normalization constant and |α| 2 is the mean number of photons in the coherent state |α . The optical tomogram of the m-photon-added coherent states |α, m obtained by Substituting the Fock state representation of |α, m in equation (3) [28] :
Here L m (x) represents the Laguerre polynomial of order m. Nonclassical area σ − √ 2π projected by the optical tomogram of m-photon-added coherent states on the optical tomographic plane was numerically evaluated using equation (11) . Figure 4 shows the variation of the nonclassical area corresponds to the photon-added coherent state as a function of the number of photons m added to the coherent state |α . It clearly shows that the nonclassical area or the nonclassicality of the state |α, m increases with the increase in the number of photons added to the coherent field |α . Variation of nonclassical area projected by the optical tomogram of the state |α, m as a function of the field intensity |α| 2 is shown in figure 5 . Here the plots are generated for the cases: m = 1 (solid line), 5 (dashed line), and 10 (dotted line). It is evident from the figure that, for a fixed number of photons m, the nonclassicality of the state |α, m decreases with increase in |α| 2 . For small values of m, the state |α, m becomes more and more coherent with increase in field intensity. This effect is clearly manifested in figure 5 , where it can be seen that the nonclassical area of the state |α, 1 approaches to zero (value corresponding to coherent state |α ) for |α| 2 above 5. In the limit |α| 2 → 0, nonclassical area gives the value corresponding to the that for the Fock state |m . 
Even and odd coherent states
Nonclassical states can also be obtained by superimposing two or more classical states. Consider the nonclassical states generated by the superposition of two coherent states with π phase difference between them. Specifically, I take the states defined by:
where the state with h = 0 corresponds to even coherent state and h = 1 corresponds to the odd coherent state. A suitable transformation in the simplectic tomogram of the even and odd coherent states [39] gives the corresponding optical tomogram of the states . The optical tomogram corresponds to the state |α h is given by [28] 
and Q |αe iπr ′ (X θ , θ) are the quadrature representations of the coherent states αe iπr and αe iπr ′ , respectively [27] . I have numerically computed the nonclassical area spanned by the optical tomogram given in equation (32) on the X θ -θ plane as a function of |α| 2 (see figure 6 ). It is noted that the nonclassical area (degree of nonclassicality) of the state |α h is independent of the value of the argument of α. For large |α| 2 values, the nonclassical area associated with the even and odd coherent states are the same, consistent with the results in [29, 40] . It has been shown that for large |α| 2 values, the coherent states appearing in the superposition can be taken as orthonormal basis for representing the two-mode entangled states generated by the action of a 50/50 beam splitter on the state |α h with vacuum state taken in the other input arm [40] . Here the amount entanglement of the states generated at the output of the beam splitter is also a measure of the amount of nonclassicality of the input state. For large |α| 2 values, the entangled states generated by the even and odd coherent state have the same amount of entanglement [29] . This feature is essentially captured by the nonclassical area measure-note that the two curves in figure 6 merges together for |α| 2 values greater than 3. For large |α| 2 values, the degree of nonclassicality associated with the even and odd coherent states are the same.
Here I have demonstrated the calculations of the amount of nonclassicality using the proposed measure, the nonclassical area, for some specific classes of nonclassical states namely the Fock state, squeezed states, photon-added coherent states and the superposed coherent states. It shows that the optical tomograms of these classes of nonclassical states project nonclassical area (σ − √ 2π) greater than zero on the X θ -θ plane. I have also described the conditions under which the nonclassical area (the amount of nonclassicality) of the above-mentioned states show an increase in its value. I have repeated the foregoing calculations for many other pure states of light, including the qudit coherent states, the states obtained by superimposing more than two coherent states (the generalized even and odd coherent states which are the eigenstates of the powers of annihilation a m , where m is an integer greater than 2), time-evolved states obtained by evolving a coherent state in a Kerr nonlinear medium, etc. From the analysis, I have arrived at the following general conclusions. The nonclassical area (σ − √ 2π) projected by the optical tomogram of a pure single-mode nonclassical state is greater than zero and its value increases with the strength of the nonclassicality inducing operations. Therefore, the nonclassical area (σ − √ 2π) is a legitimate quantifier of the amount of nonclassicality or quantumness of the pure single-mode quantum states of light. It can be considered that the nonzero value of nonclassical area for the optical tomogram of a given pure singlemode quantum state is a sufficient condition to say that the state is nonclassical. The advantage of the newly introduced measure, the nonclassical area, is that the experimentalist can make use of the equation (11) to calculate the degree of nonclassicality associated with an arbitrary quantum state of light directly from its optical tomogram without using the density matrix or the quasiprobability distributions reconstructed from the optical tomogram. Thus, this method avoids the errors which may possibly arise during the numerical method for reconstructing the density matrix or the quasiprobability distribution of the state.
Conclusion
A simple and easily computable measure of the degree of nonclassicality for the pure state of the singlemode electromagnetic field has been introduced. The proposed measure is based on the standard deviation in the measurement of the homodyne rotated quadrature operator. The measure (σ − √ 2π) can be viewed as an effective nonclassical area projected by the optical tomogram of the state on the optical tomographic plane.
It is found that if the nonclassical area spanned by a pure single-mode quantum state of light is nonzero, the state is strictly a nonclassical state. The nonclassical area is zero for the pure single-mode classical states.
The nonzero value of nonclassical area for a given pure single-mode quantum state is a necessary and sufficient condition to say that the state is nonclassical. Nonclassical area projected on the optical tomographic plane by the optical tomogram of the nonclassical states such as Fock states, squeezed states, even and odd coherent states, and photon-added coherent states, has been theoretically evaluated. The nonclassical area associated with an arbitrary quantum state of light increases with an increase in the strength of any nonclassicality inducing operations acting on the state. Nonclassical area spanned by the optical tomogram of the state may be experimentally tractable using the homodyne detection of the rotated quadrature operator, avoiding the reconstruction of the density matrix or the quasiprobability distributions of the state.
